A remark on the faces of the cone of Euclidean distance matrices  by Alfakih, A.Y.
Linear Algebra and its Applications 414 (2006) 266–270
www.elsevier.com/locate/laa
A remark on the faces of the cone of Euclidean
distance matrices 
A.Y. Alfakih
Department of Mathematics and Statistics, University of Windsor, Windsor, Ont., Canada N9B 3P4
Received 8 March 2005; accepted 5 October 2005
Available online 1 December 2005
Submitted by R.A. Brualdi
Abstract
A new characterization of the faces of the cone of Euclidean distance matrices (EDMs) was recently
obtained by Tarazaga in terms of LGS(D), a special subspace associated with each EDM D. In this note we
show that LGS(D) is nothing but the Gale subspace associated with EDMs.
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1. Introduction
An n × n matrix D = (dij ) is called a Euclidean distance matrix (EDM) if there exist points
p1, p2, . . . , pn in some Euclidean space r such that
dij = ‖pi − pj‖2 for all i, j = 1, . . . , n,
where ‖ ‖ denotes the Euclidean norm. Let D be an EDM, the dimension of the smallest space
containing the points p1, . . . , pn that generate D is called the embedding dimension of D. An
EDM D is called a spherical EDM or a circum-EDM if the points p1, p2, . . . , pn that generate
D lie on a hypersphere.
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Let Sn denote the set of symmetric real matrices of order n. It is well known that the set of
EDMs is a closed convex cone inSn. Let K be a closed convex set, F ⊆ K is said to be a face
of K if any representation x = λy + (1 − λ)z, 0 < λ < 1 with y, z ∈ K for an x ∈ F is only
possible for y, z ∈ F .
Denote the null space of a matrix A by N(A) and let e denote the vector in n of all ones. In
his characterization of the faces of the cone of EDMs, Tarazaga [9] introduced a new subspace
LGS associated with EDMs. Let D be a given EDM. Then LGS(D) is defined as follows:
LGS(D) =
{
N(D), if D is spherical,
N(D) ⊕ 〈x〉, if D is nonspherical,
where x is such that Dx = e and 〈x〉 is the subspace generated by x. In this note we show that
this subspace LGS is nothing but the Gale subspace associated with EDMs. Gale subspace is
associated with the well-known Gale transform in polytope theory [5]. Thus the faces of the cone
of Euclidean distance matrices can be characterized using Gale subspace.
2. Preliminaries
Let M denote the orthogonal complement of e in n; i.e.,
M :={x ∈ n : eTx = 0}. (1)
It is well known [7] that a symmetric matrix D with zero diagonal is an EDM if and only if D
is negative semidefinite on the subspace M . Let V be the n × (n − 1) matrix whose columns
form an orthonormal basis for M . Let SH = {A ∈Sn : diag(A) = 0} where diag(A) is the
vector formed from the diagonal entries of A. Define the linear maps TV :SH →Sn−1 and
KV :Sn−1 →SH by
TV (D) := − 12V TDV,
KV (X) :=diag(VXV T)eT + e(diag(VXV T))T − 2VXV T. (2)
Then it immediately follows thatTV andKV are mutually inverse and that the cone of EDMs
of order n is the image of the cone of positive semidefinite matrices of order (n − 1) under the
linear mapKV [2].
Let D be a given EDM with embedding dimension r . The points p1, . . . , pn in r that generate
D can be determined as follows. The matrix VTV (D)V T is positive semidefinite of rank r . Thus
the points p1, . . . , pn are given by the rows of the n × r matrix P where VTV (D)V T = PP T.
Note that P Te = 0; i.e., the origin coincides with the centroid of the points p1, . . . , pn. Also note
that P is not unique, however, all P ′s corresponding to the same D are obtained from each other
by a rigid motion.
Let D be a given EDM of embedding dimension r generated by the points p1, . . . , pn in r .
Then r  n − 1. Consider the (r + 1) × n matrix[
P T
eT
]
=
[
p1 p2 · · · pn
1 1 · · · 1
]
.
The Gale subspace corresponding to D, denoted by G(D), is defined by
G(D) :=Null space of
[
P T
eT
]
. (3)
Note that this subspace is uniquely determined by D since for any P , P ′ such that VTV (D)V T =
PP T = P ′P ′T, we have N(P T) = N(P ′T) = N(VTV (D)V T). Let r¯ denote the dimension of
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G(D), then r¯ = n − 1 − r where r is the embedding dimension of D. For r¯  1, let  be the
n × r¯ matrix, whose columns form a basis for G(D), then is called a Gale matrix corresponding
to D; and the ith row of , considered as a vector in r¯ , is called a Gale transform of pi [5].
Let us write  in block form as  =
[
1
2
]
. Without loss of generality we can assume that 1 is
nonsingular. We exploit the fact that Q is also a Gale matrix for any nonsingular r¯ × r¯ matrix
Q to define the unique and more convenient Gale matrix Z
Z :=−11 =
[
Ir¯
2
−1
1
]
. (4)
Note that the columns of Z have at most r + 2 nonzero entries which reflect the affine dependence
relations among the points p1, . . . , pn that generate D.
The following lemma establishes the relation between Gale matrices and EDMs.
Lemma 2.1 [1]. Let D be a given EDM with embedding dimension r and let Z be the Gale matrix
corresponding to D. Further, let U be the matrix whose columns form an orthonormal basis of
the null space of X =TV (D). Then, V U = ZQ for some nonsingular matrix Q; i.e., V U a
Gale matrix corresponding to D.
Proof. Recall that VTV (D)V T = PP T. Hence X = V TPP TV . Thus XU = 0 if and only if
P TVU = 0. The result follows since eTVU = 0. 
The following is an immediate corollary.
Corollary 2.1. Let D be a given EDM matrix and let Z be the Gale matrix corresponding to D.
Then
DZ = [α1e α2e · · · αr¯e]
for some scalars α1, . . . , αr¯ .
Proof. Let U be the (n − 1) × r¯ matrix whose columns form an orthonormal basis for the null
space of X =TV (D). Then XU = − 12V TDVU = 0. Hence, V TDZ = 0 and the result fol-
lows. 
3. The equivalence between G(D) and LGS(D)
First, we establish the relation between the Gale subspace of an EDM D and the null space of
D. This relation depends on whether D is spherical or not. Consider the case of spherical EDMs.
The following characterization of spherical EDMs is well known.
Lemma 3.1. Let D be a given EDM with embedding dimension r and let Z be the Gale matrix
corresponding to D. Then the following statements are equivalent:
1. D is a spherical EDM.
2. rank D = r + 1.
3. The matrix λ eeT − D is positive semidefinite for some scalar λ.
4. r = n − 1 or DZ = 0.
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The equivalence of statements 1, 2 and 3 was established in [6,10] while the equivalence of
statements 3 and 4 was established in [3]. Therefore, if D is a spherical EDM then G(D) ⊆ N(D).
But since dim G(D) = n − 1 − r = dim N(D), it follows that G(D) is identical to N(D) in the
case of spherical EDM D.
Now let D be a nonspherical EDM with embedding dimension r . Then rank D = r + 2 [6].
Thus it follows from Corollary 2.1 and Lemma 3.1 that DZ = [α1e α2e · · · αr¯e] /= 0.
Without loss of generality assume that α1 /= 0. Let y = Z.1/α1 where Z.1 denotes the first column
of Z. Then Dy = e and yTe = 0. Now define the nonsingular r¯ × r¯ matrix
Q =


1 −α2 −α3 · · · −αr¯
0 α1 0 · · · 0
0 0 α1 · · · 0
0 0
.
.
. · · · 0
0 0 0 · · · α1

 .
Then obviously ZQ = [Z.1 Z¯] is a Gale matrix where Z¯ is n × (r¯ − 1), and D[Z.1 Z¯] =
[α1e 0]. Thus range space of Z¯ ⊆ N(D). But rank D = r + 2 since D is nonspherical. Hence
dim N(D) = r¯ − 1. Therefore, range space of Z¯ = N(D). Let x = (I − Z¯(Z¯TZ¯)−1Z¯T)y. Then
Dx = e, eTx = 0 and x is orthogonal to N(D). Hence the following result follows.
Lemma 3.2. Let D be a given EDM and let Z be the Gale matrix corresponding to D. Then
G(D) =
{
N(D), if D is spherical,
N(D) ⊕ 〈x〉, if D is nonspherical,
where Dx = e and 〈x〉 is the subspace generated by x.
Thus G(D) = LGS(D). Hence, the characterization of the faces of the cone of Euclidean
distance matrices obtained by Tarazaga in [9], which we present next, can be given in terms of
Gale subspace. Note that we give a slightly different proof than the one given by Tarazaga.
By A 
 0, we mean that matrix A is symmetric positive semidefinite. LetPn denote the cone
of symmetric real positive semidefinite matrices of order n, and for A ∈ Pn, let F(A) denote the
smallest face ofPn containing A. Let A,B ∈ Pn, it is well known [4] that B ∈ F(A) if and only if
N(A) ⊆ N(B). Furthermore, every face ofPn is of the formFL = {B 
 0 : L ⊆ N(B)} for some
subspace L of n. Also well known (see [8, p. 116]) is the fact that if K1, K2 are two closed convex
sets and if F1, F2 are two faces of K1 and K2 respectively, then F1 ∩ F2 is a face of K1 ∩ K2.
Furthermore, every face of K1 ∩ K2 is of this form. Hence, we have the following results.
Theorem 3.1. Letn denote the cone of Euclidean distance matrices of order n. Let A,B ∈ n,
and let F(A) denote the smallest face of n containing A. Then
B ∈ F(A) if and only if N(TV (A)) ⊆ N(TV (B)).
Furthermore, every face of n is of the form
FL = {B ∈ n : L ⊆ N(TV (B))}
for some subspace L of n−1, whereTV ( ) is defined in (2).
Corollary 3.1. Letn denote the cone of Euclidean distance matrices of order n. Let A,B ∈ n,
and let F(A) denote the smallest face of n containing A. Then
B ∈ F(A) if and only if G(A) ⊆ G(B).
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Furthermore, every face of n is of the form
FL = {B ∈ n : L ⊆ G(B)}
for some subspace L of the subspace M defined in (1).
Proof. LetUA andUB be the two matrices whose columns form orthonormal bases forN(TV (A))
and N(TV (B)) respectively. Then N(TV (A)) ⊆ N(TV (B)) iff UA = UBQ for some matrix
Q iff VUA = VUBQ iff G(A) ⊆ G(B). The last statement follows from Lemma 2.1. 
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